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Let G be a uniquely hamiltonian graph on n vertices. We show that G has a ver-
tex of degree at most c log2 8n+3, where c=(2&log2 3)&1r2.41. We show further
that G has at least two vertices of degree less than four if it is planar and at least
four vertices of degree two if it is bipartite.  1998 Academic Press
1. INTRODUCTION
The graphs considered in this paper are assumed to be without loops.
We shall use the term multigraph when multiple edges are permitted.
In the 1940’s, C. A. B. Smith (see Tutte [17]) proved that each edge of
a 3-regular multigraph lies in an even number of Hamilton circuits. This
theorem remained an isolated curiosity until Bosa k and Kotzig (see Bosa k
[3]) established a similar result for bipartite graphs: every 3-regular bipar-
tite multigraph of order at least four has an even number of Hamilton cir-
cuits. These two theorems were subsequently unified by Thomason [13],
whose ‘‘lollipop’’ technique established, among other things, that in any
odd multigraph (one whose vertices are all of odd degree) each edge lies in
an even number of Hamilton circuits; in particular, every regular multi-
graph of odd degree has this property.
Following Barefoot and Entringer [1], we call a graph or multigraph G
with exactly one Hamilton circuit C uniquely hamiltonian. Thomason’s
result thus implies that no regular multigraph of odd degree is uniquely
hamiltonian. Sheehan asked in [10] and conjectured in [11] that this is
also true for 4-regular graphs. As Thomassen [16] noted, an affirmative
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answer to Sheehan’s conjecture would imply that the only uniquely
hamiltonian regular graphs of even degree are the circuits: by Petersen’s
theorem [9], G"E(C) has a 2-factor F, so F _ C is a 4-regular hamiltonian
graph, implying that F _ C, and hence G, has a second Hamilton circuit.
While Thomason’s theorem is valid for multigraphs, Sheehan’s conjec-
ture was posed only for graphs. Indeed, it is false for multigraphs;
an infinite family of uniquely hamiltonian 4-regular multigraphs based on
the Petersen graph was constructed by Fleischner [7]. The difficulty in
extending Thomason’s theorem to regular graphs of even degree is that the
parity argument used there does not apply. This problem was overcome in
an ingenious way by Thomassen [15], who applied Thomason’s lollipop
technique to establish the following lemma. To state it, we need some
definitions. Let G be a graph whose edges are coloured red and green. Two
vertices of G are red neighbours if they are joined by a red edge and green
neighbours if they are joined by a green edge. A set X of vertices of G is
red-independent if no two vertices of X are red neighbours, and green-
dominating if every vertex not in X is a green neighbour of some vertex of X.
Thomassen’s Lemma (Weak version). Let G be a graph with a Hamilton
circuit C. Colour the edges of C red and the edges of G"E(C) green. If there
exists a set of vertices which is red-independent and green-dominating, G is
not uniquely hamiltonian.
A somewhat stronger version of the lemma can be directly deduced from
Thomassen’s proof. Call a set X of vertices of G weakly green-dominating
if every red neighbour of each vertex of X is also a green neighbour of some
vertex of X.
Thomassen’s Lemma (Strong version). Let G be a graph with a
Hamilton circuit C. Colour the edges of C red and the edges of G"E(C)
green. If there exists a nonempty set of vertices which is red-independent and
weakly green-dominating, G is not uniquely hamiltonian.
Thomassen combined the weak version of his lemma with the Local
Lemma [6] to prove that there is no uniquely hamiltonian regular graph
of degree 300 or more. This bound can in fact be reduced by a factor of
four or so by a more careful analysis of the inequalities given by the Local
Lemma. Examples show, however, that even the strong version of his
lemma is insufficient to establish the nonexistence of 4-regular uniquely
hamiltonian graphs. It can be checked that the union of a red Hamilton
circuit v1v2 } } } v12v1 and three green 4-circuits v1 v5v7 v9v1 , v2v6v8v12v2 ,
v3v10v4 v11v3 , has no red-independent weakly green-dominating set.
A related question to Sheehan’s is to ask whether every uniquely
hamiltonian graph has a vertex of low degree. Entringer and Swart [5]
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constructed an infinite family of uniquely hamiltonian graphs with mini-
mum degree three. A family of 3-connected examples is provided by the
underlying simple graphs of the Fleischner multigraphs mentioned above.
However, it is not known whether there exists a uniquely hamiltonian
graph of minimum degree four (see Jackson and Whitty [8, Problem] and
Bondy [2, Problem 7.14]). Using Dirac’s theorem [4], one readily sees
that any uniquely hamiltonian graph on n vertices has a vertex of degree
at most (n2)+1. Jackson and Whitty asserted in [8] that this bound
could be improved to (n+9)4. (The main result of [8] is that every
2-edge-connected graph with a unique f -factor has a vertex v of degree f (v);
in particular, every 2-edge-connected graph with a unique 2-factor has a
vertex of degree two.) We show in this paper that every uniquely
hamiltonian graph on n vertices has a vertex of degree at most
c log2 8n+3, where c=(2&log2 3)&1r2.41. Our proof uses probabilistic
methods to establish the existence of a set satisfying the hypotheses of the
weak version of Thomassen’s Lemma. Moreover, we give examples to show
that even the strong version of Thomassen’s Lemma is insufficient to estab-
lish the nonexistence of uniquely hamiltonian graphs of minimum degree
wlog2 nx.
We also consider the same question for planar graphs and bipartite
graphs. We show that every uniquely hamiltonian planar graph has at least
two vertices of degree less than four, and provide an infinite family of
examples with just three vertices of degree less than four. Thomassen [14]
proved that every uniquely hamiltonian bipartite multigraph has at least
two vertices of degree two. His proof in fact yields slightly more, namely
that there are at least four vertices of degree two. We provide examples
which show that this bound is best possible.
2. UNIQUELY HAMILTONIAN GRAPHS
In this section, we show that every uniquely hamiltonian graph on
n vertices has a vertex of degree at most c log2 8n+3, where c=
(2&log2 3)
&1r2.41. We require the following definitions, and a lemma.
Let k and d be positive integers. A k-part composition of d is an ordered
k-tuple of positive integers summing to d. Denote by C(k, d ) the set of all
k-part compositions of d in which all parts, except possibly the first and
last, are at least two, and set
c(k, d) :=|C(k, d )| and C(d ) := .
k1
C(k, d ).
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Similarly, denote by C*(k, d) the set of all k-part compositions of d in
which all parts are at least two, except possibly one part (which we will
choose to be either the first or the last), and set
c*(k, d ) :=|C*(k, d )|, C*(d ) := .
k1
C*(k, d ).
Lemma 1. Let k and d be positive integers:
(a) k1 2k&1c(k, d )= 13 (2
d+1&3+(&1)d)+1( 34) 2
d.
(b) k1 2k&1c*(k, d )= 16 (2
d+2&3&(&1)d)+12d.
Proof. We shall prove the first identity; the second is established
similarly. We count weighted compositions of d in which each composition
into k parts is given weight 2k&1 (by giving weight one to the first part and
weight two to each of the remaining parts). Denoting by [xd] f (x) the
coefficient of xd in f (x), we have
:
k2
2k&1c(k, d)
=[xd](x+x2+ } } } ) \ :i0 (2x
2+2x3+ } } } )i+ (2x+2x2+ } } } )
=[xd] \ x1&x+\
1
1&(2x21&x)+\
2x
1&x+
=[xd]
2x2
(1&x)(1+x)(1&2x)
=[xd]
1
3 \
2
1&2x
&
3
1&x
+
1
1+x+=
1
3
(2d+1&3+(&1)d). K
Theorem 2. Let G be a uniquely hamiltonian graph on n vertices. Then
G has a vertex of degree at most c log2 8n+3, where c=(2&log2 3)&1.
Proof. We establish the contrapositive. Let G=(V, E), where V=
[0, 1, ..., n&1], be a graph on n vertices in which each vertex has degree
more than c log2 8n+3, and let C :=(0, 1, 2, ..., n&1, 0) be a Hamilton cir-
cuit in G. We define a random subset X of V by the following procedure:
(i) 0 # X;
(ii) if i # X, the probability that i+d is the next element of X
(around C) is zero, if d=1, and 2&d+1, if d2.
(iii) The process stops when rule (ii) produces an element i+d with
i+dn&1, this element being rejected.
268 BONDY AND JACKSON
Suppose that m is a vertex of G, with reduced neighbourhood
N (m) :=N(m)"[m&1, m+1]=[m1 , m2 , ..., mt],
where 0m1<m2< } } } <mt . If m1=0 then 0 # N ( j) & X. We shall show
that in all other cases N (m) & X=< with probability less than n&1. This
implies that with positive probability N (m) & X{< for all vertices m of G.
The weak version of Thomassen’s Lemma then guarantees the existence of
a second Hamilton circuit.
Denote by A the set of all sequences A :=(a0 , a1 , ..., ar), where
0=a0<a1 } } } <ar<n&1, and ai+1&ai2, 0ir&1. For A # A,
A=(a0 , a1 , ..., ar),
P(X=A)= ‘
r
i=1
2ai&1&ai+1 \ :

i=0
2ar&(n&1+i)+1+=2r&n+3.
Set
C :=C*(d1)_C(d2)_ } } } _C(dt)_C*(dt+1),
where d1 :=m1 , di :=mi&mi&1 , 2it, and dt+1 :=n&mt . There is a
natural bijection between C and the subset A of A consisting of those
sequences which are disjoint from N (m). (For example, if n=15, t=2,
m1=6 and m2=10, then d1=6, d2=4, d3=5 and the element ((2, 3, 1),
(1, 2, 1), (2, 3)) # C*(d1)_C(d2)_C*(d3) corresponds to the element
(0, 2, 5, 7, 9, 12) of A .) Moreover, for A # A , A=(a0 , a1 , ..., ar),
P(X=A)=2&n+3 2r=2&n+3 ‘
t+1
i=1
2ki&1,
where ki is the number of parts in the corresponding composition of di ,
1it+1. Note that
C=\ .k11 C*(k1 , d1)+_\ .k21 C(k2 , d2)+_ } } } _\ .kt1 C(kt , dt)+
_\ .kt+11 C*(kt+1 , dd+1)+
=. (C*(k1 , d1)_C(k2 , d2)_ } } } _C(kt , dt)_C*(kt+1 , dt+1)),
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where the union is taken over all (t+1)-tuples (k1 , k2 , ..., kt+1) of positive
integers. Therefore, by Lemma 1,
P(X # A )
=2&n+3 : _2k1&1c*(k1 , d1) \‘
t
i=2
2ki&1c(ki , di)+ 2kt+1&1c*(kt+1 , dt+1)&
where the summation is taken over all (t+1)-tuples (k1 , k2 , ..., kt+1) of
positive integers. Thus
P(X # A )=2&n+3 \ :k11 2
k1&1c*(k1 , d1)+\‘
t
i=2
:
ki1
2ki&1c(ki , di)+
_\ :kt+11 2
kt+1&1c*(kt+1 , dt+1)+
2&n+32d1 \‘
t
i=2
( 34) 2
di+ 2dt+1
=2&n+32( i=1
t+1 di)( 34)
t&1=2&n+32n( 34)
t&1
=8( 34)
t&1.
Since t+2=d(m)>c log2 8n+3, where c=(2&log2 3)&1, P(X # A )<
n&1, as claimed. K
The following recursive construction shows that for infinitely many
values of n there exists a 2-edge coloured graph H on n vertices with mini-
mum degree wlog2 nx in which the red edges induce a Hamilton circuit and
which contains no red-independent weakly green-dominating set. Thus one
cannot hope to obtain a significantly sharper upper bound on the mini-
mum degree of a uniquely hamiltonian graph even by applying the strong
version of Thomassen’s lemma.
Let G1 be a red K2 . For i>1, form the 2-edge coloured graph Gi by
taking two disjoint copies of Gi&1 , say F1 , F2 , and one disjoint red K2 with
vertex set [v1 , v2] and joining vj to each vertex of Fj by a green edge. The
graph Gi has 2i+1&2 vertices, minimum degree i, and no red-independent
weakly green-dominating set. Completing the red perfect matching of Gi to
a red Hamilton circuit, we obtain the required 2-edge coloured graph H
with no red-independent weakly green-dominating set.
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3. UNIQUELY HAMILTONIAN PLANAR GRAPHS
In this section, we shall refer to vertices of a graph G with degree less than
four as small vertices of G. We shall show that every uniquely hamiltonian
plane graph has at least two small vertices. We use the following concepts
introduced by Tutte [18]. Let G be a graph and H a subgraph of G.
A bridge of H in G is a connected subgraph B of G&E(H) such that B con-
sists of either a single edge joining two vertices in V(H) or else a compo-
nent of G&H together with all edges from the component to H and all end
vertices of such edges in V(H). We shall refer to V(B) & V(H) as the set of
vertices of attachment of B to H and put Int(B)=V(B)"V(H). We say that
B is nontrivial if Int(B){<. Let WE(G). A W-Tutte circuit of G is a
circuit T of G such that each bridge of T in G which contains an edge of
W has at most two vertices of attachment, and all other bridges of T have
at most three vertices of attachment. We shall need the following results on
the existence of Tutte circuits in plane graphs.
Theorem 3 [18]. Let G be a 2-connected plane graph and e1 and e2 be
edges on a face F of G. Let F $ be the face of G which contains e1 and is dis-
tinct from F. Then G has an E(F ) _ E(F $)-Tutte circuit containing e1 and e2 .
Theorem 4 [12]. Let G be a 2-connected plane graph and e1 , e2 and e3
be edges on a face F of G. Then G has an E(F )-Tutte circuit containing e1 , e2
and e3 .
Using these results we can obtain:
Theorem 5.
(a) Let G be a plane graph, and let uv be an edge of G. Suppose that
G has a unique Hamilton circuit C containing uv. Then there is at least one
small vertex in V(G)"[u, v].
(b) Let G be a 3-connected plane graph, and let F be a 3-face of G,
with E(F )=[uv, vw, uw]. Suppose that either
(i) G has a unique Hamilton circuit C such that E(C) & E(F )=
[uv, vw], or
(ii) G has a unique Hamilton circuit C such that E(C) & E(F )=
[uw].
Then there is at least one small vertex in V(G)"[u, v, w].
Proof. Let G be a counterexample to the theorem with as few vertices
as possible.
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Claim 1. G is 3-connected.
Proof. Suppose that G is not 3-connected and hence fails to satisfy (a).
Let [x, y] be a 2-vertex cut in G, B a nontrivial bridge of [x, y] in G
which does not contain the edge uv, and P the segment of C which joins
x and y and is contained in B. Set H :=B+xy. Then the uniqueness of C
implies that P+xy is the unique Hamilton circuit in H through xy. Since
H has fewer vertices than G, we may apply (a) to H to deduce that there
is at least one small vertex of H in V(H)"[x, y]. This vertex is a small
vertex of G in V(G)"[u, v]. K
Claim 2. G is 4-connected.
Proof. Suppose G is not 4-connected. Since G is a counterexample to
the theorem, G fails to satisfy (-) for some - # [a, b]. Let X=[uv] if -=a
and X=E(F ) if -=b. Since G is 3-connected but not 4-connected, we may
choose a 3-vertex cut [x, y, z] of G which has at least two nontrivial
bridges in G. Since X induces a clique in G we may choose a nontrivial
bridge B of [x, y, z] in G such that E(B) & X=<. Note that since G is
plane and has at least two non-trivial [x, y, z]-bridges, the vertices x, y, z
all lie on the same face of B. Thus we may construct the graph
H :=B+[xy, yz, xz] in such a way that H is plane and has a 3-face F $
with E(F $)=[xy, yz, xz]. Since G is 3-connected, H is 3-connected. Let P
be the segment of C with edge set E(C ) & E(B). Without loss of generality
we may suppose that the end vertices of P are x and z. We have two cases
to consider depending on whether or not y # V(P). If y  V(P), the unique-
ness of C implies that P _ xyz is the unique Hamilton circuit in H which
intersects E(F $) in [xy, yz]. If y # V(P), the uniqueness of C implies that
P+xz is the unique Hamilton circuit in H which intersects E(F $) in [xz].
Since |V(H)|<|V(G)|, we may apply (b)(i) or (b)(ii) to H to deduce that
there is at least one small vertex of H in V(H)"[x, y, z]. This vertex is a
small vertex of G in V(G)"[u, v, w]. K
We now return to the proof of the theorem.
Suppose that G fails to satisfy (a). Then G has a unique Hamilton circuit
C containing uv. Let F $ and F" be the two faces of G containing uv. Since
G is not a circuit we may assume, without loss of generality, that
V(F $){V(G), so E(F $)"E(C){<. By Theorem 3, we may choose an
E(F $) _ E(F")-Tutte circuit T containing uv and some edge of E(F $)"E(C ).
The fact that G is 4-connected now implies that T is a Hamilton circuit of
G. Since T{C this contradicts the uniqueness of C.
Suppose that G fails to satisfy (b)(i). Then G has a unique Hamilton cir-
cuit C such that E(C ) & E(F )=[uv, vw]. Set H :=G&v. Let F $ be the face
of H which contained v and F" the face of H which contains uw and is dis-
tinct from F $. If V(F $)=V(H) then H is outerplanar. Thus H has at least
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two vertices of degree two, and G has at least two small vertices. This
contradicts the fact that G has no small vertices. Hence V(F $){V(H), so
E(F $)"(E(C) _ [uw]){<. By Theorem 3, we may choose an E(F $) _ E(F")-
Tutte circuit T in H containing uw and some other edge of E(F $)"E(C ).
Suppose that T is not a Hamilton circuit of H, and let B be a nontrivial
bridge of T in H. Since G is 4-connected, H is 3-connected, and hence B
has exactly three vertices of attachment to T. Since T is an E(F $) _ E(F")-
Tutte circuit, this implies that B contains no edge of E(F $) _ E(F"). In par-
ticular, Int(B) & V(F $)=<. Thus F $ separates Int(B) and v in G and hence
no vertex of Int(B) is adjacent to v. This implies that B has three vertices
of attachment to T in G and contradicts the 4-connectedness of G. Thus T
is a Hamilton circuit of H and T $ :=(T&uw) _ uvw is a Hamilton circuit
of G containing [uv, vw]. Since T ${C this contradicts the uniqueness of C.
Suppose that G fails to satisfy (b)(ii). Then G has a unique Hamilton
circuit C such that E(C) & E(F )=[uw]. Set H :=G"[uv, vw], and let F $
be the face of H which contains uw and v. Since G is simple, uv, vw{E(H)
and thus F $ contains at least five edges. If V(F $)=V(H) then H is outer-
planar. Thus H has at least two vertices of degree two, and G has at least
one small vertex. This contradicts the fact that G has no small vertices.
Hence V(F $){V(H), so we may choose an edge f1 # E(F $)"E(C ) such that
f1 {uw. Let f2 be an edge of F $ incident with v. By Theorem 4, we may
choose an E(F $)-Tutte circuit T in H containing [uw, f1 , f2]. Since
u, v, w # V(T) and uv, vw  E(T ), we have |V(T)|5. Suppose that T is not
a Hamilton circuit of H and let B be a nontrivial bridge of T in H. Since
G is 4-connected, H is 3-connected, and hence B has exactly three vertices
of attachment to T in H. Since u, v, w # V(T ), B also has three vertices of
attachment to T in G. This contradicts the 4-connectedness of G. Thus T
is a Hamilton circuit of H, hence also a Hamilton circuit of G. Moreover
E(T ) & E(F )=[uw]. Since T{C, this contradicts the uniqueness of C. K
Corollary 6. Every uniquely hamiltonian planar graph has at least two
small vertices.
Proof. Let G be a planar graph with a unique Hamilton circuit C, let
v be a vertex of minimum degree in G, and let uv be an edge of C. Then
G has a unique Hamilton circuit through uv. By Theorem 5, there is at least
one small vertex in V(G)"[u, v]. Thus v is also small, and G has at least
two small vertices. K
Thomassen (personal communication) has independently shown that
every uniquely hamiltonian planar graph has at least one small vertex.
There exists an infinite family of uniquely hamiltonian planar graphs
with exactly three small vertices, two of degree two and one of degree three.
They are obtained by joining two adjacent vertices x and y to every vertex
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of a path v1v2 } } } vr , subdividing the edges xy and xv1 , and then adding a
new edge xv1 . (This graph can be obtained by deleting certain edges from
the uniquely hamiltonian graph given by Sheehan in [11].) We know of no
uniquely hamiltonian planar graph of minimum degree three.
Conjecture 1. Every uniquely hamiltonian planar graph has at least
two vertices of degree two.
Note that the strong version of Thomassen’s lemma cannot be used to
verify Conjecture 1. The planar graph G3 described at the end of Section 2
can be modified, by deleting certain green edges and adding certain red
edges, to yield a planar graph of minimum degree three with a red
Hamilton circuit and no red-independent weakly green-dominating set.
4. UNIQUELY HAMILTONIAN BIPARTITE GRAPHS
Thomassen [14] showed that any uniquely hamiltonian bipartite multi-
graph has a vertex of degree two in each part of the bipartition. We slightly
refine his argument to obtain
Theorem 7. Every uniquely hamiltonian bipartite multigraph has at least
two vertices of degree two in each part of the bipartition.
Proof. Let G(X, Y) be a hamiltonian bipartite multigraph. If G has at
most three vertices of degree two, we may assume that at most one of them
belongs to X. Denote this vertex by x, if it exists. Let C be a Hamilton cir-
cuit of G. Following Thomassen [14], we delete edges of E(G)"E(C ) so as
to obtain a spanning subgraph H of G in which the degree of each vertex
in X"[x] is three. Let uvw be a 2-path of C with v # X and u, w # Y, where
v=x if x exists. Note that every Hamilton path of H starting with the path
uvw ends in a vertex of X"[x], hence one of degree three. By Thomason’s
Lollipop Lemma [13], uvw lies in an even number of Hamilton circuits of
H. Since C is one such circuit, there is at least one other, so G is not
uniquely hamiltonian. K
The following examples G and H show that the bound in Theorem 7 on
the number of vertices of degree two is sharp. The graph G is obtained
from the circuit v1v2 } } } v2rv1 by joining vi and v2r&i+1 , 2ir&1; the
graph H is obtained from the circuit v1 v2 } } } v2r v1 by joining a new vertex
x to vi , i odd, and to v2 and v2r by paths xx$v2 and xx"v2r of length two,
and joining a new vertex y to vi , i even, and to v1 and v2r&1 by paths yy$v1
and yy"v2r&1 of length two.
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